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STANLEY DEPTH OF MONOMIAL IDEALS
DORIN POPESCU
Abstract. Let I ) J be two monomial ideals of a polynomial algebra over a
field generated in degree ≥ d, resp. ≥ d+1 . We study when the Stanley Con-
jecture holds for I/J using the recent result of [6] concerning the polarization.
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Introduction
Let K be a field and S = K[x1, . . . , xn] be the polynomial K-algebra in n
variables. Let I ) J be two monomial ideals of S and suppose that I is generated
by monomials of degrees ≥ d for some positive integer d. Using a multigraded
isomorphism we may assume either that J = 0, or J is generated in degrees ≥ d+1.
If I, J are squarefree monomial ideals then d is a lower bound of depthS I/J by
[3, Proposition 3.1] (see also [15, Lemma 1.1]). Proposition 2 gives a lower bound of
depthS I/J in terms of degrees also in the case when I, J are not squarefree using
the polarization and the so called the canonical form of I/J (see [10]).
A Stanley decomposition of a multigraded S-module M is a finite family D =
(Sl, ul)l∈L in which ul are homogeneous elements of M and Sl are multigraded
K−algebra retract of S for all l ∈ L such that Sl∩AnnS ul = 0 and M =
∑
l∈L Slul
as a multigraded K−vector space. The Stanley depth of D, denoted by sdepth(D),
is the depth of the S−module
∑
l∈L Slul. The Stanley depth of M is defined as
sdepth (M) := max{sdepth (D) | D is a Stanley decomposition of M}.
Depth and Stanley depth behave in a different way for instance depthS(M ⊕
M ′) = min{depthS M, depthS M
′} while for sdepth it can happen sdepthS(M ⊕
M ′) > min{sdepthS M, sdepthS M
′} sometimes as seen in [5, Examples 14, 16]
with the help of [9]. These results were obtained using the so called the Hilbert
depth (see [1], [23]). The same notion is important also in other properties of depth
and Stanley depth (see [21, Proposition 2.4]).
An upper bound for depthS M could be given by the following conjecture.
Conjecture 1. (Stanley [22]) depthS M ≤ sdepthS M .
It will be very nice if this conjecture holds forM = I/J . Recently Ichim, Kattha¨n
and Moyano-Ferna´ndez proved that Stanley’s Conjecture holds for all factors I/J
as above if and only if it holds for their polarizations [6, Theorem 4.3]. Thus we may
restrict to the case when I, J are squarefree monomial ideals. Unfortunately, there
are few results in this case in spite of the many papers appeared on this subject
(see [3], [12], [13], [7], [14], [2], [15]). It is the purpose of our paper to study what
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these few results say in the non squarefree case using [6, Theorem 4.3]. We use here
the lower bound given by Proposition 2 (see Theorems 5, 6 and Proposition 4).
A particular case of this conjecture is the following one.
Conjecture 2. Suppose that I ⊂ S is minimally generated by some squarefree
monomials f1, . . . , fr of degrees d, and a set E of squarefree monomials of degree
≥ d+ 1. If sdepthS I/J = d+ 1 then depthS I/J ≤ d+ 1.
This conjecture is studied in [17], [18], [19], [11], [16] when r ≤ 4 and some cases
when r = 5 (see Theorems 3, 4). Proposition 3 proves Conjecture 2 also when r = 6
but d = 1 and E = ∅.
1. A lower bound of depth and Stanley depth
Let S = K[x1, . . . , xn−1] be the polynomial K-algebra over a field K and J (
I ⊂ R two monomial ideals. Denote by G(I), respectively G(J), the minimal
monomial system of generators of I, respectively J .
A very important result concerning the Stanley depth is given by [6, Corollary
4.4] and we recall it below.
Theorem 1. (Ichim, Kattha¨n, Moyano-Ferna´ndez) Let J ( I be monomial ideals
of S, and let Ip ⊂ Jp be their (complete) polarizations. Then
sdepthS I/J − depthS I/J = sdepth I
p/Jp − depth Ip/Jp.
For i ∈ [n] let ei = maxu∈G(I)∪G(J) degxi u and set eI/J =
∑
i∈[n],ei>0
(ei − 1).
We have eI/J = depth I
p/Jp − depthS I/J , that is eI/J is the number of the new
variables necessary for polarization. Suppose that I is generated by some monomials
f1, . . . , fr of degrees dI/J and a set of monomials E of degrees ≥ dI/J + 1. Then
Proposition 1. depthS I/J ≥ dI/J − eI/J and sdepthS I/J ≥ dI/J − eI/J .
Proof. By [3, Proposition 3.1] (see also [15, Lemma 1.1]) we have depth Ip/Jp ≥
dI/J because I
p, Jp are squarefree monomial ideals. Note that by polarization the
degrees of monomials are preserved. It follows that depthS I/J = depth I
p/Jp −
eI/J ≥ dI/J − eI/J . The inequality concerning sdepth is similar but easier since
obviously the sdepth is ≥ dI/J in the case of a factor of some squarefree monomial
ideals. 
Example 1. Let n = 3, d = 12, I = (x31x
4
2x
5
3, x
10
1 x
2
2). Note that e1 = 10, e2 = 4,
e3 = 5 and eI = 16.
Remark 1. In the above example Proposition 1 gives depthS I ≥ −4 which is
obvious. This situation will be next improved considering the so called the canonical
form of I given by [10].
We recall some definitions and results from [10].
Definition 1. The power xrn enters in a monomial u if x
r
n|u but x
r+1
n ∤ u. We say
that I/J is of type (k1, . . . , ks) with respect to xn if x
ki
n are all the powers of xn
which enter in a monomial of G(I) ∪G(J) for i ∈ [s] and 1 ≤ k1 < . . . < ks. I/J is
in the canonical form with respect to xn if I/J is of type (1, . . . , s) for some s ∈ N
and we say that I/J is the canonical form if it is in the canonical form with respect
to all variables x1, . . . , xn.
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Remark 2. Suppose that I/J is of type (k1, . . . , ks) with respect to xn. It is
easy to get the canonical form I ′/J ′ of I/J with respect to xn replacing x
ki
n by x
i
n
whenever xkin enters in a generators of G(I) ∪ G(J). Applying by recurrence this
procedure for other variables we get the canonical form of I/J , that is with respect
to all variables.
Theorem 2. (A. Popescu [10, Theorems 1, 2]) Let I ′/J ′ be the canonical form of
I/J . Then sdepthS I
′/J ′ = sdepthS I/J and depthS I
′/J ′ = depthS I/J .
Definition 2. Let I ′/J ′ be the canonical form of I/J and set tI/J = max{dI′/J′ −
eI′/J′ , 0} (we may have dI′/J′ < eI′/J′ as shows Example 3). We call tI/J the index
of I/J . When J = 0 we write tI instead tI/J for simplicity. If I, J are squarefree
monomial ideals then tI/J = dI/J .
Using the terminology defined above we get a better lower bound for sdepth and
depth as in Proposition 1.
Proposition 2. depthS I/J ≥ tI/J and sdepthS I/J ≥ tI/J .
Proof. By Theorem 2 we have depthS I/J = depthS I
′/J ′ ≥ max{dI′/J′−eI′/J′ , 0} =
tI/J . The second inequality holds similarly. 
Remark 3. This lower bound is easy to describe but it is not the best known
lower bound. For example, when J = 0 then a better lower bound is given by
1 + size(I) in the terminology of [8], [4]. More precisely, if n = 3, dI = 1, I =
(x1, x2x3) = (x1, x2) ∩ (x1, x3) then size(I) = 1 and tI = dI since I is squarefree.
Thus 1 + size(I) > tI .
Remark 4. In Example 1 note that I is of type (3, 10) with respect to x1, of type
(2, 4) with respect to x2 and of type (5) with respect to x3. Then the canonical
form of I is I ′ = (x1x
2
2x3, x
2
1x2). Note that I is generated by monomials of degrees
12 but in I ′ one generator has degree 4 and the other 3. Clearly, eI′ = 2, dI′ = 3
and so the index tI of I is 1. Thus Proposition 2 says that depthS I ≥ 1, which is
also trivial but anyway better than what follows from Proposition 1 (see Remark
1).
2. Stanley depth of monomial ideals which are not necessarily
squarefree
Suppose that I is minimally generated by some squarefree monomials f1, . . . , fr
of degrees d for some d ∈ N and a set of squarefree monomials E of degree ≥ d+1.
Let B be the set of the squarefree monomials of degrees d+ 1 of I \ J .
We start recalling two results of [16] (see also [19] and [11]).
Theorem 3. Conjecture 2 holds for r ≤ 4.
Theorem 4. Conjecture 2 holds for r = 5 if there exists j 6∈ ∪i∈[5] supp fi, j ∈ [n]
such that (B \ E) ∩ (xj) 6= ∅ and E ⊂ (xj).
For simplicity we denote t = tI/J , that is the index of I/J .
Theorem 5. Let J ( I be monomial ideals of S not necessarily squarefree and I ′/J ′
the canonical form of I/J . Suppose that I ′ is generated by r′ monomials f1, . . . , fr′
of degree dI′/J′ and a set E
′ of monomials of degree ≥ dI′/J′ +1. Let B
′ be the set
of monomials of degree dI′/J′ + 1 from I
′ \ J ′. Assume that sdepthS I/J = t + 1.
Then the following statements hold:
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(1) If r′ ≤ 4 then depthS I/J ≤ t+ 1,
(2) If r′ = 5 and there exists j 6∈ ∪i∈[5] supp fi, j ∈ [n] such that (B
′ \ E′) ∩
(xj) 6= ∅ and E′ ⊂ (xj), then depthS I/J ≤ t+ 1.
Proof. Let I ′/J ′ be the canonical form of I/J . By Theorem 1 we have
sdepth I ′p/J ′p = sdepthS I
′/J ′ − depth I ′p/J ′p + depthS I
′/J ′ = dI′/J′ + 1.
Since I ′p is generated by r′ squarefree monomials of degree dI′/J′ and a set E
′p of
squarefree monomials of degree dI′/J′+1 we get by Theorem 3 that depth I
′p/J ′p ≤
dI′/J′ + 1. Hence depthS I/J = depthS I
′/J ′ ≤ t + 1 by Theorem 2, that is (1)
holds. The proof of (2) is the same using Theorem 4 instead Theorem 3. 
Remark 5. Let I be generated by some monomials h1, . . . , hr of degree d and a set
of monomials E of monomials of degree ≥ d+ 1. It is possible that I ′ is generated
by f1, . . . , fr′ of degrees dI′/J′ with r
′ > r and a set E′ of monomials of degree
≥ dI′/J′ +1. For example when n = 2 and I = (x
3
1x
4
2, x
11
1 x2) we have r = 1 and we
see that I ′ = (x1x
2
2, x
2
1x2) has r
′ = 2.
Example 2. Let n = 2, d = 1, I = (x1), J = (x1x
2
2). Then e1 = 1, e2 = 2,
eI/J = 1, t = 0 and I
p/Jp = (x1)/(x1x2y2), where y2 is the new variable from
polarization. We have I/J ∼= x1K[x1] ⊕ x1x2K[x1] as graded K-vector spaces.
Thus sdepthS I/J = 1 = t+1. By (1) of the above theorem we get depthS I/J ≤ 1,
the inequality being in fact an equality.
Theorem 6. Let J ( I be monomial ideals of S not necessarily squarefree. Assume
that sdepthS I/J = t. Then depthS I/J = t
The proof is similar to the proof of Theorem 5 using now [15, Theorem 4.3]
instead Theorem 3.
Example 3. Let n = 2, d = 1, I = (x2), J = (x
2
1x2, x1x
2
2). Then e1 = e2 = eI/J =
2, t = max{−1, 0} = 0 and Ip/Jp = (x2)/(x1y1x2, x1x2y2), where y1, y2 are the
new variables from polarization. Since x2 induces a nonzero element of the socle
of I/J we see that sdepthS I/J = 0. Thus sdepthS I/J = t = 0. By the above
theorem we get depthS I/J = 0.
3. Stanley depth of a factor of squarefree monomial ideals
The above theorem implies the following corollary.
Proposition 3. Suppose that I ⊂ S is minimally generated by 6 variables
{x1, . . . , x6} and J ( I a squarefree monomial ideal. If sdepthS I/J = 2 then
depthS I/J ≤ 2.
Proof. By [17, Proposition 1.3] we see that there exists c = x6xkxq 6∈ J for 6 < k <
q ≤ n. Let B be the set of all squarefree monomials from I \ J and I˜ be the ideal
generated by x1, . . . , x5 and E˜ = B \ ((x1, . . . , x5) ∪ [x6, c]). Set J˜ = J ∩ I˜. Then
for j = 6 we have E˜ ⊂ (xj). In the following exact sequence
0→ I˜/J˜ → I/J → I/J + I˜ → 0
the last term is isomorphic with (x6)/(x6)∩ (J + I˜) and has depth ≥ 2 and sdepth
3 because it has just the interval [x6, c]. Suppose that sdepthS I/J = 2. By [20,
Lemma 2.2] we get sdepthS I˜/J˜ ≤ 2. When sdepthS I˜/J˜ = 1 then it is enough
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to apply [15, Theorem 4.3]. If sdepthS I˜/J˜ = 2 and (B \ E˜) ∩ (xj) 6= ∅ then it is
enough to apply Theorem 4.
Now suppose that (B \ E˜) ∩ (xj) = ∅, that is B ∩ (x6)∩ (x1, . . . , x5) = ∅. In the
following exact sequence
0→ (x6)/(x6) ∩ J → I/J → I/(J, x6)→ 0
if the last term has sdepth ≥ 3 then the first term has sdepth ≤ 2 as above and
so also depth ≤ 2. Otherwise, the last term has sdepth ≤ 2. But the last term is
isomorphic with (x1, . . . , x5)/(x1, . . . , x5) ∩ J because B ∩ (x6) ∩ (x1, . . . , x5) = ∅.
Thus in the exact sequence
0→ (x1, . . . , x5)/(x1, . . . , x5) ∩ J → I/J → I/(J, x1, . . . , x5)→ 0
the first term has sdepth ≤ 2 and so its depth ≤ 2 by Theorem 4 when there exists
k > 6 such that B∩(x1, . . . , x5)∩(xk) 6= ∅. Otherwise, J ≥ (x1, . . . , x5)(x6, . . . , xn)
and we get
depthS(x1, . . . , x5)/(x1, . . . , x5)∩J = depthS˜(x1, . . . , x5)S˜/(x1, . . . , x5)∩J ∩ S˜ ≤ 1
for S˜ = K[x1, . . . , x5]. Since the last term is isomorphic with (x6)/J ∩ (x6) it has
depth ≥ 2 and the Depth Lemma ends the proof. 
Proposition 4. Suppose that I ⊂ S is minimally generated by 6 variables
{x1, . . . , x6} and J ( I is a monomial ideal not necessarily squarefree. Suppose
that sdepthS I/J = t+ 1. Then depthS I/J ≤ t+ 1.
The proof is similar to the proof of Theorem 5 using now Proposition 3 instead
Theorem 3.
Example 4. Let n = 7, I = (x1, . . . , x6), J = (x
2
1, x1x2, . . . , x1x5, x1x7). Then
t = 0. The element xˆ1 ∈ I/J induced by x1 is annihilated by all variables but x6.
It follows that sdepthS I/J ≤ 1. Thus sdepthS I/J ≤ t+ 1 and so depthS I/J ≤ 1
by Proposition 4. Note that Ip/Jp = (x1, . . . , x6)/(x1y, x1x2, . . . , x1x5, x1x7) has
sdepth ≤ 2 because now the element of Ip/Jp induced by x1 is annihilated by all
variables but x6, y.
References
[1] W. Bruns, C. Krattenthaler, J. Uliczka, Stanley decompositions and Hilbert depth in the
Koszul complex, J. Commutative Alg., 2 (2010), 327-357.
[2] M. Cimpoeas, The Stanley conjecture on monomial almost complete intersection ideals, Bull.
Math. Soc. Sci. Math. Roumanie, 55(103) (2012), 35-39.
[3] J. Herzog, M. Vladoiu, X. Zheng, How to compute the Stanley depth of a monomial ideal, J.
Algebra, 322 (2009), 3151-3169.
[4] J. Herzog, D. Popescu, M. Vladoiu, Stanley depth and size of a monomial ideal, Proc. Amer.
Math. Soc., 140 (2012), 493-504.
[5] B. Ichim, A. Zarojanu, An algorithm for computing the multigraded Hilbert depth of a module,
to appear in Exp. Math., arXiv:AC/1304.7215v2.
[6] B. Ichim, L. Kattha¨n, J. J. Moyano-Ferna´ndez, The behavior of Stanley depth under polar-
ization, arXiv:1401.4309.
[7] M. Ishaq, Values and bounds of the Stanley depth, Carpathian J. Math. 27 (2011), 217-224.
[8] G. Lyubeznik, On the Arithmetical Rank of Monomial ideals, J. Algebra 112, 86-89 (1988).
[9] A. Popescu, An algorithm to compute the Hilbert depth , J. Symb. Comput., (2014),
http://dx.doi.org/10.1016/j.jsc.2014.03.002, arXiv:AC/1307.6084, 2013.
[10] A. Popescu, Depth and Stanley depth of the canonical form of a factor of monomial ideals,
to appear in Bull. Math. Soc. Sci. Math. Roumanie, arXiv:AC/1402.5826v3.
6 DORIN POPESCU
[11] A. Popescu, D. Popescu, Four generated, squarefree, monomial ideals, 2013, to appear in
Proceedings of the International Conference ”Experimental and Theoretical Methods in Al-
gebra, Geometry, and Topology, June 20-24, 2013”, Editors Denis Ibadula, Willem Veys,
Springer-Verlag, 2014, arXiv:AC/1309.4986v3.
[12] D. Popescu, Stanley depth of multigraded modules, J. Algebra 312 (10) (2009) 2782-2797.
[13] D. Popescu, An inequality between depth and Stanley depth, Bull. Math. Soc. Sc. Math.
Roumanie 52(100), (2009), 377-382.
[14] D. Popescu, Graph and depth of a square free monomial ideal, Proceedings of AMS, 140
(2012), 3813-3822.
[15] D. Popescu, Depth of factors of square free monomial ideals, Proceedings of AMS,142 (2014),
1965-1972.
[16] D. Popescu, Stanley depth on five generated, squarefree, monomial ideals, 2013,
arXiv:AC/1312.0923v3.
[17] D. Popescu, A. Zarojanu, Depth of some square free monomial ideals, Bull. Math. Soc. Sci.
Math. Roumanie, 56(104), 2013,117-124.
[18] D. Popescu, A. Zarojanu, Depth of some special monomial ideals, Bull. Math. Soc. Sci. Math.
Roumanie, 56(104), 2013, 365-368.
[19] D. Popescu, A. Zarojanu, Three generated, squarefree, monomial ideals, 2013,
arXiv:AC/1307.8292v5.
[20] A. Rauf, Depth and Stanley depth of multigraded modules, Comm. Algebra, 38 (2010),773-
784.
[21] Y.H. Shen, Lexsegment ideals of Hilbert depth 1, (2012), arxiv:AC/1208.1822v1.
[22] R. P. Stanley, Linear Diophantine equations and local cohomology, Invent. Math. 68 (1982)
175-193.
[23] J. Uliczka, Remarks on Hilbert series of graded modules over polynomial rings, Manuscripta
Math., 132 (2010), 159-168.
Dorin Popescu, Simion Stoilow Institute of Mathematics of Romanian Academy, Re-
search unit 5, P.O.Box 1-764, Bucharest 014700, Romania
E-mail address: dorin.popescu@imar.ro
